The B−T phase diagram of moderately disordered amorphous Indium Oxide films is reminiscent of that of usual type-II superconductors, but with a significant up-turn of the upper critical field Bc2(T ) at the lowest temperatures. Here we address the critical regime of the quantum phase transition to the normal state occurring at Bc2(0) by investigating the critical current density jc as function of magnetic field in the vicinity of Bc2(0). We uncover a scaling relation of the form jc(B) ∼ (Bc2 −B) υ with a critical exponent υ ≈ 3/2. Our finding combined with the recent observation of a BerezinskyKosterlitz-Thouless transition in strong magnetic fields leads to the prediction of a non-zero slope A = dBc2/dT in the zero temperature limit, with A inversely proportional to the film thickness, explaining the anomalous up-turn of Bc2(T ).
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In disordered superconducting thin films, the magnetic-field tuned transition to the normal state at the upper critical field B c2 is unusual. While standard semi-classical theory of disordered superconductivity [1, 2] predicts an horizontal asymptote of the B c2 (T ) line as temperature (T ) vanishes, a body of work on disordered superconducting films instead shows an enhancement of B c2 at the lowest temperatures [3] [4] [5] . The general trend observed is that of a nearly linear increase of B c2 (T ) on lowering T [3] [4] [5] , which is sometimes preceded by an up-turn at some higher T [5] . This low-T enhancement is usually explained in terms of mesoscopic fluctuations [6, 7] , resulting in the emergence of spatial inhomogeneities of the superconducting order parameter, which significantly modify the B c2 (T ) line. This theoretical approach, while being generally plausible, does not provide an understanding of the specific linear dependence of B c2 (T ) with temperature. Besides, recent kinetic inductance measurements of disordered thin films have unveiled that B c2 (T ) is accompanied by a jump in the superfluid density per square ρ s , indicating a possible Berezinskii-Kosterlitz-Thouless (BKT) type transition, though here taking place in presence of a dense vortex lattice induced by the applied magnetic field B [8] .
To shed new light on these phenomena we conducted a systematic study of the B-evolution of the critical current density j c (B) in amorphous indium oxide (a:InO) thin films. This quantity is related to the superfluid density ρ s by the relation j c ∝ ρ s v max s , where v max s is the maximum superfluid velocity. As such, the B-evolution of j c (B) measured near zero temperature (T ≪ T c ) can be considered as an alternative, though indirect, way to determine the critical behavior of superfluid density ρ s (B) on approaching the quantum phase transition (QPT) occurring at B c2 (0).
We show in this Letter that near the quantum critical point B c2 (0), j c (B) scales as |B c2 (0) − B| υ with υ ≃ 1.6, similar to that of the mean field exponent equal to 3/2 near T c , enabling to infer the critical behavior of the superfluid density. Combined with the hypothesis of a BKT-type transition under perpendicular magnetic field [8] , our results and analysis provide a consistent explanation for the long-standing issue of the non-zero slope A = dB c2 /dT | T =0 , and predict that A increases inversely with the film thickness.
Disordered a:InO films were prepared by e-gun evaporation of 99.99 % In 2 O 3 pellets on a Si/SiO 2 substrate. 60 nm thick films were deposited in a high-vacuum chamber with a controlled O 2 partial pressure. Films were patterned into Hall bar geometry (300 µm long and 100 µm wide) by optical lithography, enabling four-terminal transport measurements using standard low-frequency lock-in amplifier and DC techniques. The magnetotransport properties of the samples upon varying disorder are presented in our previous work [4] . In this study we focus on samples J033 and J038, which exhibit a critical temperature of T c = 3.2 K and 3.5 K and a sheet resistance before transition of 1.3 kΩ and 1.2 kΩ respectively. They are both far from the disorder-tuned superconductor-insulator transition and behave in many ways as standard dirty superconductors. Figure 1 (a) displays the magneto-resistance isotherms of sample J033 measured down to 0.03 K. To determine B c2 at each temperature we used different criteria, namely 1, 10 and 50% of the normal state resistance at high field, indicated by open dots on magnetoresistance isotherms. The resulting B c2 versus T curves are shown in Fig. 1 (b) together with a fit (solid-line) of the high-temperature data with the theory for dirty superconductors [1, 2] . We see that B c2 (T ) deviates below 1K from the fit and increases linearly with decreasing T down to our base temperature of 0.03 K. This deviation, which is the focus of this work, is clearly independent of the criterion used to determine B c2 , pointing to a superconductivity-related origin. We note that the linear dependence of B c2 (T ) persists down to our lowest T approaching the QPT at B c2 (0). We shall argue below that this linear B c2 (T ) can be understood by analyzing the critical behavior of the superfluid density at the vicinity of this QPT.
We thus turn to the study of the B-evolution of the critical current density j c at our lowest temperature. We systematically measured the differential resistance dV /dI versus current-bias I at fixed B. As shown in Fig. 2(a) , on increasing I, a sudden, non-hysteretic jump occurs in the dV /dI curve, indicating the critical current value. The resulting critical current density j c for both samples is plotted versus B in Fig. 2(b) . Interestingly, the continuous suppression of j c with increasing B tails off prior to vanishing at a critical field B jc c = 12.6T and 11.8T for sample J033 and J038 respectively. Such a resilience of j c to the applied B when approaching B c2 (0) is reminiscent of the anomalous up-turn of the B c2 (T ) line at low T . We also notice that the critical field values B jc c at which j c vanishes slightly differ from B c2 (0) obtained in Fig 1  (B c2 (0) = 13.3 T and 12.6 T determined with the 50 % criterion for sample J033 and J038 respectively). The reasons for this disparity stem from the finite-resistance criterion used to determine B c2 (T ), which does not coincide with the termination of superconducting current at B unveil a scaling relation of the form:
where the fitted values for the exponent υ are 1.62 ± 0.02 and 1.65 ± 0.02 for samples J033 and J038 respectively. The inset of Fig. 3 shows the sensitivity of the straight line to B jc c , where a small variation of 0.05T yields a significant deviation from linearity. It is noteworthy that the values of the exponent are both within 10% of the mean-field value 3/2 of the classical temperature-driven superconducting transition in the absence of magneticfield. Indeed Ginzburg-Landau theory predicts the depairing current to be j dep ∝ ρ s /ξ GL ∝ (T c − T ) 3/2 , with the Ginzburg-Landau superconducting coherence length ξ GL ∝ (T c − T ) −1/2 and ρ s ∝ (T c − T ). This suggests that our scaling relation (1) describes the quantum critical regime on approaching B c2 (0) at T close to zero, and this critical behavior can be described by a mean-field theory.
We now move to the interpretation of these results, which requires the demonstration of a relation between two apparently different observations: The linear upturn of B c2 (T ) down to the lowest temperatures, and the power-law dependence (1) with exponent υ ≈ 1.5. To proceed, we invoke the results of low-frequency kinetic inductance measurements performed on similar disordered superconducting films [8] , which have evidenced a universal jump of the superfluid density per square ρ s = ρ/d where d is the film thickness. According to Ref. [8] , the boundary of existence of the superconducting state (characterized by a nonzero value of ρ s ) in the (B, T ) plane is determined by the BKT criterion that relates T c to ρ s (see [9] and references therein) :
We consider this surprising result, for which there is no theoretical justification, largely as phenomenological fact. Nevertheless, below we provide qualitative arguments which may shed some light on its origin. Let us first consider the behavior of the bulk superconducting density ρ s (B) at T = 0 and nearly-critical field B. To keep ρ s (B) > 0 some kind of flux pinning is needed, provided by the strong disorder present in our samples. Although we don't have direct measurement of ρ s (B), the scaling relation (1) we have uncovered for the critical current density leads us to conjecture that at T = 0 the critical behavior of the superconducting density is of the form
where ρ s0 is superconducting density at B = 0 and α is some numerical factor of the order of unity. Below we provide some arguments to justify why the value θ = 1 can be expected. By combining eqs. (3) and (2) together with ρ s = ρ s ·d, one obtains the critical temperature dependence T c (B) near B c2 (0). Inverting it leads to a linear temperature dependence of B c2 (T ):
in full agreement with the linear up-turn of B c2 (T ) observed in experiments [3] [4] [5] . We emphasize that the above conclusion is based on the combination of two different classes of phase transitions, which destroy superconductivity: i) the T = 0 QPT tuned by the magnetic field, which is relevant to a three-dimensional quantum problem with strong disorder (our a:InO films have a thickness d = 60nm, much above the low-temperature superconducting coherence length ξ 0 ≈ 4nm, see [4] ), and ii) a BKT-type twodimensional transition which occurs on a macroscopic scale much larger than both thickness d and magnetic length l B = Φ 0 /B. While the general scales of superconducting density ρ s and critical current j c are determined (at very low T ) by the properties of the quantum phase transition, the linear variation of B c2 (T ) is due to the BKT mechanism, whereby some vortex-like defects of the superconducting state thermally depair in presence of magnetic field and strong potential disorder.
These considerations are independent of the specific reason leading to the enhancement of B c2 (0) with respect to the prediction of the standard mean-field type theory [1, 2] of disordered superconductors, that relates B c2 (0) to the critical temperature T c and the slope dB c2 /dT at temperatures near T c . In particular, mesoscopic mechanisms [6, 7] may prove to be relevant as well. The most general and simple outcome of eq. (4) is as follows: for the same superconducting material, the temperature range of the "anomaly" is expected to grow on decreasing the film thickness d. Indirect support of such a picture may be found in a recent work [5] on very thin (few monolayers) Ga films where a sharp anomaly with strong up-turn in B c2 by more than 10% of its value at T = 0 was seen. Microscopically, Ga films used in [5] are much less disordered than our a:InO films: both have normal-state resistance of the order of 1 kΩ/ while Ga films are about 50 times thinner. In general, for thinner samples, superconducting density per square ρ s is suppressed proportionally to d, making thermal large-scale phase fluctuations and BKT mechanism more important.
There is limited literature currently available to provide theoretical framework to explain the two observations discussed above. In the following we present some existing concepts, which seem to be relevant.
Usually in type-II superconductors in the presence of a magnetic field, a vortex lattice is formed and pinned to impurities [10, 11] . Assuming that the pinning strength is always smaller than the basic energy scales of superconductivity (e.g. the condensation energy), the critical current is then determined by vortex depinning. In the case of a:InO films this assumption is most probably incorrect, since disorder is as strong as superconductivity itself. Therefore, it makes sense to consider critical current j(T = 0, B ≈ B c2 (0)) in the same way as the depairing current in Ginzburg-Landau theory near T c . For a QPT at T = 0, the tuning parameter is b = B/B c2 (0). Therefore, following the general ideas of the Landau theory of second-order phase transitions, we suppose that the squared superconducting order parameter |∆(r| 3/2 , in agreement with eqs. (1,3) . However, these general considerations do not take into account the complicated nature of the superconducting order parameter in the presence of magnetic field frustration and strong disorder.
The closest analogy to such a problem is known under the names of "superconducting glass", "gauge glass" or "phase glass" [12] [13] [14] [15] [16] . Transverse stiffness (aka superconducting density) in a classical phase glass near the temperature-driven glass transition was calculated originally in ref. [12] using the Parisi continuous replica symmetry method; later it was done in ref. [13, 14] by means of the "dynamic slow cooling" approach. In both cases, it was found that ρ s ∝ (T c − T ) 3 . For the transverse stiffness near the quantum phase glass transition, ref. [16] declares ρ s = 0 in the glass state, in contradiction with above-mentioned results for a classical glass, as well as with experimental data. On the other hand, theory of a T = 0 quantum phase transition was developed in [15] for a special model of a long-range frustrated Josephson array (without frozen-in disorder in the Hamiltonian), which leads to ρ s ∝ (x − x c ), where x = E J /E c is the ratio of Josephon coupling energy to Coulomb energy. Unfortunately, the model in ref. [15] looks rather distant from the physics of amorphous a:InO.
We now switch to the issue of the BKT transition in strong magnetic field. Here the concept of Campbell length [17, 18] is useful (see also most recent review in [19] ). When a weak supercurrent j exerts a Lorentz force upon pinned vortices, they becomes shifted by a distance δr ∝ j × B/κB, where κ is an effective curvature of the pinning potential. In turn, shift of flux lines by δr is related with a modification of a vector potential δA ∝ δr × B ∝ j/κ. Therefore macroscopic superconducting density ρ s ∝ κ, while the role of the London penetration depth λ is taken by the much longer Campbell length λ C ∝ κ −1/2 , which determines penetration depth for a weak variation of magnetic field due to transport current. This is to say that a strongly disordered superconductor in a magnetic field is characterized by a globally coherent state with a typical correlation lengthscale much exceeding intervortex distance l B = Φ 0 /B. Thus we may assume that vortex-like topological objects involved in the BKT-like transition [8] are related to macroscopic deformations of a pinned vortex state, i.e. local increase (decrease) of a magnetic flux per some large area by Φ 0 . One kind of such a topological object was considered in ref. [20] where dislocations in a pinned quasi-2D vortex lattice were discussed. In particular, it was shown that a pair of the edge dislocation and anti-dislocation in the lattice separated by the distance R behave with respect to transport current as a magnetic flux Φ dis ∼ (R/l B )Φ 0 . However, as we mentioned above, very strong microscopic disorder present in a:InO makes direct analogies with usual vortex-pinning approaches somewhat incomplete.
In conclusion, we report on new scaling behavior (1) of the critical current near B c2 (T = 0) in a:InO films and provide qualitative explanations of the origin of the nonzero dB c2 /dT = A slope at lowest temperatures. This explanation leads to the prediction that A is inversely proportional to the film's thickness d, if all its material parameters are held constant.
